The emergence of the field of mini-to meso-scale unmanned aerial vehicle (UAV) design has generated renewed interest in propeller modeling, analysis and design. This paper presents a procedure for deriving the performance of an UAV-scale propeller from geometric measurements using commercially available airfoil modeling software and the vortex theory of airscrew propellers. Vortex theory formulations using the Prandtl tip loss factor as well as the Goldstein circulation function are presented and results are compared to wind-tunnel tests of UAV propellers. The effects of measurement and modeling uncertainties on the performance of the propeller are quantified and propagated through the algorithm using system sensitivity analysis. 
I. Introduction
he design and optimization of unmanned aerial vehicles (UAVs) requires parametric, scalable, physics-based models of propeller performance that can be used as a component in computational design and analysis algorithms. Propeller performance analysis at this scale is complicated by modeling uncertainties due to low Reynolds numbers at the propulsion system and lifting surfaces (due to low speeds and small scales), large scaled surface roughness (due to the small scales and the use of materials such as composites and wood) and a lack of validation data.
A classical technique for derivation of propeller performance is the vortex theory of screw propellers, as developed by Goldstein, Prandtl and others. This method has successfully been used to derive the performance of propellers 1, 2, 3, 4 and wind turbines 5, 6 , although the predictive performance of some implementations is not always acceptable, repeatable or robust. In addition, the sensitivity of the vortex theory of screw propellers to modeling inputs and assumptions has not been quantified. It is unclear whether modeling error that is reported in the literature is a result of error in the geometric model of the propeller, error in the airfoil section aerodynamic performance modeling, or errors in the assumptions associated with Goldstein vortex theory.
The global goal of this study is to develop and validate a means of deriving propeller performance from geometric models of the propeller at UAV scale. The experimental and analytical methods to be used are presented as a flow diagram in Figure 1 . The geometry of the propeller is input to the algorithm through measurements of the propeller geometry (c, β, and d) and measurements of the 2-D shape of the propeller airfoils (y). These measurements are taken at n discrete points at a radius of r along the discrete non-dimensionalized length of the geometric data are all inputs to an implementation of Goldstein's vortex theory of screw propellers. This implementation includes the ability to perform system sensitivity analysis, which allows the propagation through the analysis of measurement uncertainties, 2-D section aerodynamic performance uncertainties and uncertainties associated with vortex theory. The contribution of each of these uncertainties to the modeled propeller performance uncertainty can then be quantified. Finally, the modeled propeller performance for a variety of commercially available UAV-scale propellers is compared to the results of wind tunnel testing to validate the measurement and modeling approach.
Figure 1. Process flow diagram for investigation and validation of Goldstein vortex theory
This paper presents a summary of Goldstein's vortex theory of screw propellers and a summary of system sensitivity analysis. The formulation and solution of the system sensitivity analysis for Goldstein's vortex theory is presented for an example propeller at UAV-scale. Next, the methods for measuring the blade geometry and airfoil section geometry of propellers are detailed and the uncertainty associated with these measurement methods is quantified. The applicability of Goldstein's vortex theory for modeling the performance of UAV propellers is discussed by comparing the modeled performance to wind tunnel testing results.
II. Vortex Theory of Screw Propellers
The vortex theory of screw propellers is based on a lifting line approximation of the blades of the propeller. This implies that the propeller is approximated by a lifting surface about which there is bound circulation. The total circulation is associated both with vorticity bound to the propeller and with the free vorticity that is continuously shed from the propeller in the form of a helical sheet 7 . In this article, the equations that define vortex theory are presented following the presentation and nomenclature of Phillips 4 . The input to the vortex theory is an aerodynamic model of the propeller section performance. Phillips defines the aerodynamic pitch angle (β) as the angle which the propeller zero-lift line makes to direction of flight. This angle is a function of the position along the propeller (r) and is related to the geometric pitch angle (β c ) by the zero lift angle of attack (α L0 ). 
The propeller section lift and drag forces can then be defined in terms of the velocity at the propeller blade.
Where ε b is the angle that the velocity incident on the propeller blade makes with the radial axis of the propeller, and for a propeller of k blades blades, the differential thrust (dT/dr) and differential torque (dQ/dr) of the propeller section can be defined. Combining (3), (4) and (5) yields:
In order to integrate equations (6) and (7) so as to obtain the total propeller torque (Q) and thrust (T), ε b must be known. Another set of relations are therefore required to determine ε b by calculating ε i . These relations come from the Kutta-Joukowski theorem, which states that the lift force due to circulation around a lifting section can be expressed as:
The Betz condition, assumes that the induced velocity is normal to the resultant velocity 4 . Thus using this assumption as well as the geometric relationships shown in Figure 2 , the relationship between the velocities (V b V ∞ V xi and V θi ) can be established. To solve for the proportionality constant (κ), Goldstein found a numerical solution to the resulting potential flow problem by expressing the circulation function via a trigonometric series of Kaptain type 7 . Despite Goldstein's success, finding a numerical solution for κ is a difficult problem. An alternative is to use Prandtl's tip loss factor which is given as
where β t is the aerodynamic pitch angle at the propeller blade tip. Using Eq. (14), Eq. (13) can be approximated as
Equations (3), (4), (8), (11), (12), (14), and (15) are a set of equations that can be solved to determine the induced angle of attack ε i which uniquely defines the differential thrust (dT/dr) and differential torque (dQ/dr) of each propeller section. The thrust and torque on the propeller can be calculated by integrating the differential quantities from the hub diameter to the tip diameter using Eqs. (6-7). For propellers, the efficiency, thrust, torque, and power of the propeller are often presented in non-dimensional form using the relations in Eqs. (18) (19) (20) (21) . Propeller advance ratio is defined in Eq. (22).
The formulation presented thus far is based on a lightly loaded propeller assumption. However, as posed by Theodorsen, the lightly loaded assumption can be removed by making the circulation function only dependent on the configuration of the helicoidal sheets at a distance far behind the propeller 8 . Using this assumption, the Goldstein circulation function can be defined as
where h is axial distance between adjacent turns of the vortex sheets and w is the axial displacement velocity of the helical vortex sheets far behind the propeller. By calculating the value of h, Eq. (23) can be written as
Solving for the circulation function is not trivial. Theodorsen was forced to resort to the use of a rheoelectrical analog. Fortunately, accurate tablulated values of the Goldstein circulation function became available through the work of Tibery and Wrench 9 . Ribner and Foster 10 also provided a solution by representing the trailing sheets by sets of discrete helical vortex filaments. More recently, Okulov et al. 11, 12 have proposed a solution by superposing the solution from a series of vortices emanating from the full span of the propeller blades and shown that his method is in agreement with the tabulated values of Tibery and Wrench.
With the circulation function known, the general solution procedure is to find the axial displacement velocity of the helical vortex sheet far behind the propeller such that the induced velocity and local section lift is consistent with the circulation corresponding to w. This is accomplished by combining Eq. (8) and Eq. (24) and rearranging to form Eq. (25).
In order to solve Eq. (25) for w, the induced velocities at the plane of the propeller need to be related to the induced velocity at the corresponding point on the helicoidal vortex sheet far behind the propeller. To do this, it is useful to define the angular pitch of the helicoidal vortex sheet 
where r h is the radius of the propeller hub, R is the outer propeller radius, and R hv is the outer radius of the helicoidal vortex sheet far behind the propeller.
III. System Sensitivity Analysis
The general formulation for the propagation of uncertainty using system sensitivity analysis (SSA) is summarized in separate works by Gu 13 In order to subject the Goldstein vortex propeller theory to a structured sensitivity analysis, the algorithmic components of the vortex theory are put into the form of a structure matrix, as is common in multidisciplinary analysis. This structure is shown in Figure 3 . Each CA represents a component of the calculation implementing the vortex theory. Each calculation has receives inputs from outside the analysis and from other CA's. The CA performs calculations to generate outputs. For instance, a given CA number 1 is represented by the following notation
where y is the vector output of the CA, T represents a simulation tool vector operator, and x is a vector of input variables. Defining the superscript "true" to represent an exact output such as obtained with a controlled experiment, Eq. (33) can be related to an standard deviation term σT 1 describing the uncertainty of T with exact inputs.
Typically, controlled experiments with tight tolerances on the variation of the inputs would allow a designer to estimate σT for a given CA.
In multidisciplinary analysis, T is dependent on various inputs y that are calculated by other CA's. Since these CA's often also contain their own uncertainty in calculating y the actual output y true will vary from the calculated value of y with propagated uncertainty σy according to Eq. (35). Calculating the propagated uncertainty is accomplished using SSA. Sobieszczanski-Sobieski defines a global sensitivity equation, Eq (36), that is the basis of SSA 15, 16 . Using SSA, McDonald shows that the total propagated indeterminate error can be estimated by Eq. (37) 
where the square of the inverse of the LSM is performed on a term-by-term basis and σx represents the precision error in the input variable x. Note that for Eqs. (36) and (37), n is the number of CA's and m is the number of input design variables. Equation (37) essentially states that the total propagated variance is a pythagorean sum of all of the components of variance. By using individual terms of the LSM, the contributions to total propagated variance can be individually calculated. However, it is typically easier for people to understand uncertainty in terms of standard deviation rather than variance. McDonald suggests Eq. (38) as a valuable way to determine these contributions of indeterminate error. Note that in Eq. (38), σ can represent either a propagated contribution of uncertainty due a specific CA or the propagated uncertainty due to uncertainty in the inputs to the analysis. 
IV. System Sensitivity Analysis for Vortex Theory of Screw Propellers
In the context of this study, system sensitivity analysis is used to derive the sensitivity of the modeled propeller performance to the uncertainties associated with the inputs to the model. Figure 4 shows Goldstein's vortex theory for screw propellers in the canonical structure matrix form. The structure matrix as shown applies to a single discrete section of the propeller at a non-dimensionalized radius of ζ k =r k /R. Therefore the analysis represented in Figure 4 must be repeated N times for the N discrete sections of the propeller.
The inputs to the calculation are the geometric and aerodynamic performance parameters for the airfoil section with associated uncertainties. These uncertainties could be due to measurement uncertainty or analysis uncertainties such as with aerodynamic performance modeling. Each CA within the structure matrix represents a sub calculation within the vortex theory. The outputs of each CA which leave the CA to the right are fed forward within the analysis. Those that leave the CA to the left are fed backwards. Because there are feedbacks within the vortex theory, the structure matrix at each propeller section must be solved iteratively for the section induced angle of attack ε i . Uncertainties in the structure matrix are due to the uncertainties associated with the input measurements (section chord, geometric twist and blade diameter) and uncertainties associated with the CA's include the calculation of section lift and drag coefficients.
The outputs of this structure matrix for the N airfoil sections that are used to model the propeller must then be integrated according to Eq. 13 to calculate the performance of the propeller as a whole. As such, for a propeller that is modeled using 10 airfoil sections there the 4 inputs (shown in Figure 4 ), 143 contributing analyses (including integration routines), and 184 internal variables. 
V. Propeller Model Construction and Uncertainty Estimation
In order provide input to the performance modeling algorithms, the geometry of the propeller must be measured and approximated as blade elements. The propeller geometry measurement procedure assumes that the propeller has zero radial sweep, zero axial sweep and radial symmetry. Only the geometry of a single blade of a multi-blade propeller is measured. The vortex theory formulation requires measurement of the airfoil chord distribution, twist distribution and section shapes.
A. Measurement of Chord and Twist Distribution
To discretize the propeller geometrically, the propeller is mounted to a precision table (such as a vertical mill) and is divided into evenly radially spaced sections. All sections are perpendicular to the line between the propeller tip and the propeller axis. The sections are marked on the propeller using a pen line of approximately 1mm thickness. The chord of the airfoil is measured at each station using calipers.
The twist distribution of the propeller is measured relative to the datum of the plane of the back face of the propeller hub. The angle of the airfoil section chord line is determined by measuring the axial distance of the leading and trailing edge of each station relative to the datum using a precision table and a height gauge. The technician must pick out the location of the trailing and leading edge from the radius at the leading and trailing edge.
The uncertainty associated with the measurement of the propeller chord (c) and station location (z) is a standard deviation of 0.054 mm (n=30). The uncertainty associated with the measurement and calculation of the propeller twist distribution (β) is a standard deviation of 0.626 degrees (n=20).
B. Measurement of Airfoil Geometry
To determine the shape of the airfoil at each propeller station, the propeller is cut into sections along the section lines. For this study the cuts were made with a fine-toothed bandsaw. The airfoil section was then sanded back so that the cross-section of the propeller that is exposed corresponds to the center of the sectioning line.
The airfoil cross-sections are painted black for contrast and are photographed digitally, as shown in Figure 5a . The image is then processed using an edge filter to determine the shape of the airfoil section. The results of the edge filtering operations are shown in Figure 5b . Based on this output, the outline of the airfoil section can be constructed at the resolution of the original image. The airfoil is normalized to a chord of 1.0 and rotated so that the chord line is horizontal, as shown in Figure 5c . The result is a set of points {x k , y k } that define the outline of the airfoil.
The shape of the airfoil must be smoothed to remove pixilation, surface texture and defects before aerodynamic analysis. Many of the propeller airfoils studies here are unconventional in shape. They are often highly cambered, asymmetrical and incorporate blunt trailing edges. To preserve the unconventional geometry during smoothing the following procedure was followed. First a 5 th order b-spline is fit using the least squares technique to the locus of camber points of the airfoil. This b-spline, z(x), is a function which approximates the camber line of the airfoil. The airfoil thickness t(x) can be approximated by the difference between the airfoil points y k and the camber line.
The airfoil thickness is plotted in Figure 5d . The upper and lower thicknesses are fit separately by least squares with a conventional NACA-type airfoil shape equation. (19) Using (18) , the shape of the airfoil y(x) can be approximated by summing z(x) and t(x). The results of the airfoil geometry measurement and smoothing are shown in Figure 5e . The technique generates a smoothed and continuous airfoil that well approximates the shape of the airfoil as measured photographically. The fitting algorithm is fully automated and performs well for unconventional and highly cambered airfoils.
Figure 5. Illustration of image analysis routine for detection of airfoil shape
The uncertainty associated with the airfoil section geometry measurement could be due to pixilation, directional lens distortions or variability in the analysis. To estimate the uncertainty in L C and D C that is due to the Airfoil Section Measurement component (of Figure 1) , the airfoil fitting routine was run multiple times using photographs of the same airfoil taken at different orientations. The standard deviation (n=3) of L C and D C were calculated at each angle of attack between -90 degrees and +90 degrees.
C. Airfoil Section Modeling
The coordinates that are the outputs of the airfoil fitting routine are used to calculate the lift and drag coefficients of the airfoil sections as a function of angle of attack. The primary tool used for aerodynamic analysis in this study is XFOIL. XFOIL uses a higher order panel method with a linear varying vorticity distribution for potential flow analysis. This analysis is used in conjunction with the integral method which solves a set of differential equations to find various boundary layer parameters. 17 XFOIL provides useful estimates for the section lift and drag coefficients as a function of angle of attack in and up to the point of flow separation. Although XFOIL does predict the angle of attack of flow separation, the lift and drag coefficients predicted in the stalled regime of the airfoil are not considered accurate. Since some sections of the propeller are often stalled at given advance ratios, section lift and drag data in the stalled region must be derived in another way. Using experimental data, Sheldahl and Klimas report that the lift coefficient data for many airfoils at high angles of attack are similar 18 . In this study, XFOIL is used to derive the airfoil section polar within the attached flow regime. The data from Sheldahl and Klimas is used for airfoil sections in deep stall at angles of attack greater than 35 degrees. For angles of attack between stall and 35 degrees, a b-spline was used to blend the two regions.
The uncertainty associated with XFOIL's calculation of L C and D C is estimated by comparison to published experimental data. For a number of airfoils and Reynold's numbers (NACA2414 Re=1e5, NACA2414 Re=2e5, NACA2415 Re=1e5, NACA2415 Re=2e5, NACA6409 Re=1e5, NACA6409 Re=2e5, NACA8025 Re=1e5, NACA8025 Re=2e5, SD7062 Re=1e5, SD7062 Re=2e5, , Eppler423 Re=2e5, NACA0012 Re=1.6e5, NACA0015
Re=1.6e5, NACA0018 Re=1.6e5, NACA0021 Re=1.6e5) the modeled and actual performance of the airfoil was compared at each angle of attack where experimental data was available 18, 19 . These comparisons were used to estimate the standard deviation of uncertainty of XFOIL's calculation of L C and D C as a function of α. This uncertainty estimation is shown in Figure 6 . It is notable is that the uncertainty associated with XFOIL is much greater than the uncertainty associated with the geometry identification algorithms. Also the uncertainty associated with both analyses is relatively low at very high and very low angles of attack because most airfoils behave like flat plates at very high angles of attack. In addition, the analyses exhibit low uncertainty at low angles of attack and exhibit high uncertainty near positive and negative stall. To explore these uncertainty estimations in more detail, Figure 4 shows the results of this analysis for the SD7062 airfoil with a comparison to experimental data 19 . It highlights a number of well-recognized difficulties in the modeling of airfoil sections for airscrew analysis 20 . XFOIL does a good job of modeling the airfoil performance at angles of attack where the flow is attached. During stall, the lift and drag coefficient of the airfoils sections are not single valued due to hysteresis. The attachment state of the propeller during operation cannot be known in advance, leading to a great deal of uncertainty in the modeled performance of the airfoil sections near stall. 
VI. Validation Results for UAV Propellers
To validate the modeling results obtained from vortex theory, the predicted performance performance is compared to test data from wind tunnel testing. For all propellers discussed in this paper, wind tunnel data was generated and processed by researchers at Wichita State University. Details of the Wichita State University wind tunnel propeller testing facility are available in Reference 21. Table 1 lists the propellers that were modeled and wind tunnel tested for this study. Figure 8 shows the predicted and experimental results for the APC 16x12 propeller. Both the thrust and power coefficient are in good agreement with the experimental data although both are slightly overpredicted at low advance ratios. Deviations are expected at lower advance ratios since a larger portion of the propeller is stalled. The propeller efficiency also shows good agreement over the range of advance ratios although slightly lower efficiency is predicted vs. what was measured at higher advance ratios. Figure 8 also shows the performance of the propeller as calculated using the Goldstein circulation function. For almost all advance ratios with the APC 16x12 prop, the difference was very small between using Prandtl's tip loss factor vs. the Goldstein circulation function. Note however, that the analysis using the Goldstein circulation function does not predict values of C T and C P at low advance ratios. At low advance ratios, the necessary values of the Goldstein function were outside of the tabulated values. To avoid extrapolation, values of C T and C P using the Goldstein circulation function were limited to higher advance ratios. Figure 9 shows the performance prediction compared to experimental data for the Bolly 22x20 propeller. For this propeller there was also good agreement between the predictions and the experimental data. As with Figure 8 , both the thrust and power coefficients were slightly over predicted at lower advance ratios, but the over-predicted power coefficient tends to compensate for the overpredicted thrust coefficient when calculating the efficiency. With the Bolly propeller, slightly more deviation was found when using the Goldstein circulation function to calculate values at mid to lower advance ratios. With the larger pitch to diameter ratio, a larger section of the Bolly propeller was in the stalled region at the lower advance ratios as compared to the other propellers. In general, as more airfoil sections move into the stalled region, the Goldstein formulation tends to further deviate from the Prandtl formulation.
The final propeller used for validation was a Zinger 16x6 propeller. This propeller differed from the others tested in that is was made of wood rather than built from a molded composite. The Zinger propeller was also of a much lower pitch to diameter ratio as compared to the Bolly and APC propellers. The predicted vs. experimental results for the Zinger propeller are shown in Figure 10 . In contrast to the Bolly and APC propellers, the Zinger propeller had very low efficiency. Both the Goldstein and Prandtl formulations predicted this lower efficiency, in fact both methods slightly underestimated the efficiency at all advance ratios. Despite underestimating the efficiency, both formulations are in good agreement with the experimental data and capture the trends and approximate values of both the power and thrust coefficients. It should be noted that Merchant and Miller 21 reported that wood propellers such as the Zinger propellers tended to vary in measured performance from propeller to propeller whereas the molded propellers tended to have much more repeatable performance from propeller to propeller. Since the propeller measured for the analysis was not the same propeller used in the experimental tests, it must be noted that manufacturing variations could be in part responsible for the lack of agreement in the predicted vs. actual data. 
VII. Results of Uncertainty Analysis
The SSA uncertainty propagation analysis was run using the Bolly 22x20 propeller model using the Prandtl tip loss factor formulation. The inputs to the model include the estimated uncertainty in measurement of the geometry of the propeller (ζ, β c , c) and the estimated uncertainty associated with calculation of the section force coefficients ( L C and D C ). The first result of the SSA is global estimation of the uncertainty that is associated with the output of the calculation due to the uncertainty from its inputs and with its uncertain contributing analyses. Figure 11 shows the total uncertainty in the propeller thrust and power coefficients. It is notable that the experimental data falls within the uncertainty bands of the analysis for intermediate advance ratios and approaches the ends of the bands at high or low advance ratios. This effect could be due to a breakdown in the assumptions that are implicit to the Goldstein vortex propeller analysis at these high and low advance ratios. The second result of the SSA uncertainty propagation is a breakdown of the contribution that each input variable uncertainty and each contributing analysis uncertainty is making to the output uncertainty. This feature of SSA can help the engineer understand what the major sources of uncertainty in the analysis are. For example, Figure 11 shows that the uncertainty associated with the propeller force coefficients vary as a function of advance ratio. At intermediate advance ratios, the uncertainty is lower than the uncertainty at low advance ratios. At J=0.06 σC T = 6.58e-3 and at J=0.73 σC T = 2.52e-3. Figure 12 shows the sources of uncertainty that are contributing to the total uncertainty of C T at a sampling of the advance ratios analyzed. At each advance ratio, the total uncertainty is normalized to one so that the contribution of each input uncertainty or CA uncertainty can be compared across advance ratios. For every advance ratio, more than half of the uncertainty in the calculation of C T comes from the contributing analysis uncertainty calculating propeller section lift coefficient L C . The other primary driver of uncertainty in C T is the measurement uncertainty associated with the propeller twist distribution β c . Other contributions to the total uncertainty are nearly negligible. The results presented in Figure 12 explain why the uncertainty in C T is higher at the low advance ratios. At low advance ratios, a significant portion of the propeller is operating in transitional positive stall, where the calculation of L C is very uncertain, as shown in Figure 6 . At intermediate advance ratios, the majority of the propeller is operating with attached flow and intermediate angles of attack. Therefore, at intermediate advance ratios, the uncertainty in L C is low and the propagated uncertainty in C T is low. This suggests that the most effective way to reduce the uncertainty of the Goldstein vortex theory at low advance ratios is to improve the stall modeling of the section airfoils. 
VIII. Conclusions
Based on the results of this study, the vortex theory of propellers has been validated at the UAV scale. The model has the ability to robustly predict the propeller performance at a wide variety of conditions. The simplified formulation with the Prandtl tip loss factor provided good results that only varied slightly from the results obtained with the non-lightly loaded assumption used with tabulated values of the Goldstein circulation function.
The sources of uncertainty for modeling of a propeller have been quantified and their influence on the predictive capacity of the model has been assessed. The predictive capacity of the model would improve most significantly with improvement in the measurement of pitch angle distribution for the propeller and improvement in the modeling of the lift coefficient of each airfoil section as a function of angle of attack.
This study suggests that the vortex theory of propellers can be the foundation of a scalable propeller simulation that can be used for computational design of UAV propulsion systems.
